We show how to use Bayesian inference to compare two ordinal categorical distributions commonly occurring with data on self-reported health status. Procedures for computing probabilities for first and second order stochastic dominance and equality or S-dominance are described, along with methodology for obtaining posterior densities for health inequality indices. The techniques are applied to four years of data on Australian self-reported health status.
Introduction
We are concerned with Bayesian inference for measuring welfare improvements based on ordinal qualitative data. We focus particularly on self-reported health although our proposed methods can be used for other dimensions of welfare that employ similar data such as perceptions of happiness or well-being. Welfare measures that we consider are:
1. First and second order stochastic dominance.
2. Mean health based on a specified cardinal measure.
3. A spread dominance concept introduced by Allison and Foster (2004) .
4. A measure of inequality proposed by Abul Naga and Yalcin (2008) .
5. A measure of inequality proposed by Cowell and Flachaire (2017) .
In Section 2 we describe each of these measures. Bayesian inference procedures for estimating the measures are outlined in Section 3. An example using data on Australian health distributions is provided in Section 4 and some conclusions are drawn in Section 5.
Welfare and Inequality Measures
Consider an ordinal categorical distribution represented by a random variable X that takes Apart from being ordered, the values of X are arbitrary with no cardinal values. An example is self-assessed health on a scale where 1 for poor, X  2 for fair, X  3 for good, X  4 for very good X  and 5 X  for excellent. Our focus is on univariate distributions such as health or well-being. There is a large literature on bivariate and multivariate distributions which relate variables such as health to income and other socioeconomic measures. See, for example, many of the papers in Rasa Dias and O' Donald (2013 
Recognising that the mean is no longer a suitable reference point for comparing the extent of health inequality in two ordinal categorical distributions, Allison and Foster (2004) introduce a spread dominance criterion based on the median as a reference point. Because of a potential ambiguity about whether SD refers to stochastic dominance or spread dominance, we will refer to this concept as equality dominance. It can be viewed as an alternative to Lorenz dominance for data that are not continuous; it is limited to comparing distributions that have the same median category. We say X equality dominates Y (distribution Y has a greater spread than distribution X ), written
As with the stochastic dominance criteria, we examine how to compute posterior probabilities for equality dominance in either direction, and the posterior probability that there is no equality dominance.
Equality dominance cannot provide a complete ordering of distributions based on their level of health inequality; it is only useful for distributions with the same median and even then neither one of two distributions may dominate. To overcome this deficiency aggregate indices of inequality have been developed paralleling the use of a Gini index as an alternative to Lorenz dominance for continuous distributions. We consider the posterior distributions of two indices, those suggested by Abul Naga and Yalcin (2008) and Cowell and Flachaire (2017) . Abul Naga and Yalcin develop an inequality index based on axioms of continuity, scale invariance, normalisation, and an aversion to greater inequality in the sense introduced by Allison and Foster (2004) . Their measure is
where  and  reflect value judgements of society, chosen by the analyst. When 1     , the cumulative distributions for the lower half and upper half are given equal weight in the overall inequality. For a given value of  , as    , less weight is given to the inequality below the median, while for a given value of  and as    , less weight is given to inequality above the median. When everyone is in the median category 
With perfect inequality where 
Bayesian Estimation
Let  , 1,2, , , , , .
denote the number of sample observations in each category. The distribution for n is multinomial with density
with the restriction
A non-informative prior for p is (Gelman et al 1995)  
The combination of this prior pdf with the multinomial likelihood function yields the Dirichlet posterior density
This density can be used to make inferences about the various measures described in the preceeding section. For FSD, SSD and ED we take a large number of draws of p from each of the two posterior distributions, that conditional on X and that conditional on , Y and count the number of draws of X p and Y p for which each of the dominance criteria is satisfied. The proportion of draws for which a criterion is satisfied is an estimate of the posterior probability of dominance. The proportion of draws for which dominance in either direction is not satisfied is an estimate of the posterior probability that neither distribution dominates. 
n n n n n n n n n n n n n n | n n n n n n n n n
Hence the posterior mean and variance for ,
Closed are not available, but, using the sample of draws of p from its Dirichlet posterior density, they can be estimated, along with their marginal posterior densities.
Example
The data used to illustrate the methodology are the Self Reported Health Status (SRHS) The posterior probabilities for FSD are reported in Table 3 Because FSD implies SSD, the posterior probabilities for SSD will be at least as great as the corresponding ones for FSD. The posterior probabilities for SSD reported in Table 4 generally support the conclusions about the SRHS distributions that were drawn from the FSD results, but because the dominance probabilities are larger, there is more evidence of welfare improvements. Three of the pairwise comparisons whose FSD probabilities were greater than 0.33 all have SSD probabilities greater than 0.5. The posterior means and standard deviations for mean health using a linear cardinal scale with 1, 1, 2, ,5, Table 5 . The results are generally in line with those for stochastic dominance. Mean health was lowest in 2005, the year which had high probabilities of being dominated by the remaining years. 
